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Abstract 

An atomic decomposition is proved for Banach spaces which satisfy some affine geometric axioms 
compatible with notions from the quantum mechanical measuring process. This is then applied to yield, 
under appropriate assumptions, geometric characterizations, up to isometry, of the unit ball of the dual 
space of a J_B*-triple, and up to complete isometry, of one-sided ideals in C*-algebras. 
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Introduction 

The Jordan algebra of self-adjoint elements of a C*-algebra A has long been used as a model for the 
bounded observables of a quantum mechanical system, and the states of A as a model for the states of the 
system. The state space of this Jordan Banach algebra is the same as the state space of the C*-algebra A 
and is a weak* -compact convex subset of the dual of A. With the development of the structure theory of C*- 
algebras, and the representation theory of Jordan Banach algebras, the problem arose of determining which 
compact convex sets in locally convex spaces are afEnely isomorphic to such a state space. In the context of 
ordered Banach spaces, such a characterization has been given for Jordan algebras in the pioneering paper 
by Alfsen and Shultz, [1]. 

After the publication of [1], and the corresponding result for C*-algebras [4], there began in the 1980s a 
development of the theory of JB* -triples which paralleled in many respects the functional analytic aspects 
of the theory of operator algebras. Ji?*-triples, which are characterized by holomorphic properties of their 
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unit ball, form a large class of Banach spaces supporting a ternary algebraic structure which includes C*- 
algebras, Hilbert spaces, and spaces of rectangular matrices, to name a few examples. In particular, most of 
the axioms used by Alfsen and Shultz were shown to have non-ordered analogs in the context of J£?*-triples 
(see [12]). By the end of the decade, a framework was proposed by Friedman and Russo in [15] in which to 
study the analog of the Alfsen-Shultz result for JS* -triples. A characterization of those convex sets which 
occur as the unit ball of the predual of an irreducible JBW*-tnple was given in [18] (see Theorem 1.7). Since 
JB*-triples have only a local order, the result characterizes the whole unit ball, which becomes the "state 
space" in this non-ordered setting. 

Guided by the approach of Alfsen and Shultz in the binary context, it was natural to expect that to 
prove a geometric characterization of predual unit balls of global (that is, not irreducible) JBW*-triplcs 
would require a decomposition of the space into atomic and non-atomic summands and a version of spectral 
duality. These goals have remained elusive in the framework of the axioms used in [18]. In the present 
paper, by introducing the very natural axiom asserting the existence of a Jordan decomposition in the real 
linear span of every norm-exposed face, we are able to prove the atomic decomposition. In addition, by 
imposing a spectral axiom every bit as justified as the one in the Alfsen-Shultz theory, we are able to give a 
geometric characterization of the unit ball of the dual of a J-B*-triple. These results give positive answers 
to Problems 1,2 and 3 in [18]. Moreover, when combined with the recent characterization of ternary rings of 
operators (TROs) in terms of its linear matricial norm structure [23] (see Theorem 1.8), we obtain a facial 
operator space characterization of TROs and one-sided ideals in C*-algebras, which responds to a question 
of D. Blecher. 

The main results of this paper are Theorems 2.16, 3.14, and 3.18, which we state here. 
Theorem 2.16. Let Z be a neutral, locally base normed, strongly facially symmetric space satisfying the 
pure state properties and JP. Then Z ~ Z a (B l N, where Z a and N are strongly facially symmetric spaces 
satisfying the same properties as Z, N has no extreme points in its unit ball, and Z a is the norm closed 
complex span of the extreme points of its unit ball. Furthermore, by Proposition 3.10, {Za)* is isometric to 
an atomic J 'BW* -triple. 

Theorem 3.14. A Banach space X is isometric to a JB*-triple if and only if X* is an L-embedded, locally 
base normed, strongly spectral, strongly facially symmetric space which satisfies the pure state properties and 
JP. 

In [23], it was proved that an operator space A is completely isometric to a TRO if and only if M n (A) 
is isometric to a JB*-triplc for every n > 2. Combining this fact with Theorem 3.14 gives a facial operator 
space characterization of TRO's. Since a one-sided ideal is a TRO, Theorem 3.18 then gives an operator 
space characterization of one-sided ideals in C*-algebras. 

Theorem 3.18. Let A be a TRO. Then A is completely isometric to a left ideal in a C*-algebra if and only 
if there exists a convex set C — {x\ : A G A} C A\ such that the collection of faces 
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This paper is organized as follows. In section 1 we recall the background on facially symmetric spaces 
and on JB*-triples and TRO's. Section 2 is devoted to a proof of the atomic decomposition. The first 
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subsection contains a result for some contractive projections on facially symmetric spaces and the second 
subsection introduces and studies the Jordan decomposition property. The third subsection gives a geometric 
characterization of spin factors (Proposition 2.15), a variation of the main result of [17]. The main result of 
section 2, the atomic decomposition (Theorem 2.16), is proved in the fourth subsection. 

The main applications occur in section 3. After giving a result, interesting in their own right, on contrac- 
tive projections on Banach spaces in the first subsection (Proposition 3.4), the second subsection then uses 
all of the machinery developed up to there to give a geometric characterization of Cartan factors (Propo- 
sition 3.10), a variation of the main result of [18]. The spectral duality axiom is introduced in the next 
subsection and used together with the atomic decomposition to give a geometric characterization of the 
dual ball of a J£?*-triple (Theorem 3.14). The final subsection applies the latter to give an operator space 
characterization of one-sided ideals in C*-algebras (Theorem 3.18). 

1 Preliminaries 

Facially symmetric spaces (see subsection 1.1) were introduced in [14] and studied in [15] and [17]. In [18], 
the complete structure of atomic facially symmetric spaces was determined, solving a problem posed in 
[14]. It was shown, more precisely, that an irreducible, neutral, strongly facially symmetric space is linearly 
isometric to the predual of one of the Cartan factors of types 1 to 6, provided that it satisfies some natural 
and physically significant axioms, four in number, which are known to hold in the prcduals of all JBW*- 
triplcs. As in the study of state spaces of Jordan algebras (see [1] and the books [2], [3]), we shall refer to 
these axioms as the pure state properties. Since we can regard the entire unit ball of the dual of a JB*-triple 
as the "state space" of a physical system, cf. [14, Introduction], we have given a geometric characterization 
of such state spaces. 

The project of classifying facially symmetric spaces was started in [17], where, using two of the pure state 
properties, denoted by STP and FE, geometric characterizations of complex Hilbert spaces and complex spin 
factors were given. The former is precisely a rank 1 J_BT / F*-triplc and a special case of a Cartan factor of 
type 1, and the latter is the Cartan factor of type 4 and a special case of a J_BT / F*-triple of rank 2. (For a 
description of all of the Cartan factors, see subsection 1.2.) The explicit structure of a spin factor naturally 
embedded in a facially symmetric space was then used in [18] to construct abstract generating sets and 
complete the classification in the atomic case. 

1.1 Facially symmetric spaces 

Let Z be a complex normed space. Elements f,g £ Z are orthogonal, notation / _L g, if\\f + g\\ = \\f — g\\ = 
ll/H + \\g\\- A norm exposed face of the unit ball Z\ of Z is a non-empty set (necessarily ^ Z\) of the form 
F x = {/ e Z\ : f(x) = 1}, where x € Z* , ||a;|| = 1. Recall that a face G of a convex set if is a non-empty 
convex subset of K such that if g £ G and h,k <G K satisfy g = \h + (1 — \)k for some A G (0, 1), then 
h,k e G. In particular, an extreme point of if is a face of K. We denote the set of extreme points of K by 
extif. An element u € Z* is called a projective unit if ||u|| = 1 and (u,F^) = 0. Here, for any subset S, 
S 1 - denotes the set of all elements orthogonal to each element of S. T and U denote the collections of norm 
exposed faces of Z\ and projective units in Z* , respectively. 

Motivated by measuring processes in quantum mechanics, we defined a symmetric face to be a norm 
exposed face F in Z\ with the following property: there is a linear isometry Sp of Z onto Z, with S F = I 
(we call such maps symmetries), such that the fixed point set of Sp is (spF) ® F 1 - (topological direct sum). 
A complex normed space Z is said to be weakly facially symmetric (WFS) if every norm exposed face in 
Z\ is symmetric. For each symmetric face F we defined contractive projections Pk(F), k = 0, 1,2 on Z as 
follows. First Pi(F) = (I — Sf)/2 is the projection on the —1 eigenspace of Sf ■ Next we define Pi{F) 
and Pq(F) as the projections of Z onto spF and F 1 - respectively, so that P2(F) + Po(F) = (I + Sf)/2. 
A geometric tripotent is a projective unit u e U with the property that F :~ F u is a symmetric face and 
S F u = u for some choice of symmetry Sf corresponding to F. The projections Pk(F u ) are called geometric 
Peirce projections. 

QT and ST denote the collections of geometric tripotents and symmetric faces respectively, and the 
map QT 9 u ^ F u e ST is a bijection [15, Proposition 1.6]. For each geometric tripotent u in the dual 
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of a WFS space Z, we shall denote the geometric Peirce projections by Pk(u) = P k (F u ),k = 0, 1,2. Also 
we let U := Z*,Z k (u) = Z k (F u ) := P k (u)Z and U k (u) = U k (F u ) := P k (u)*(U), so that we have the 
geometric Peirce decompositions Z = Z 2 (u) + Z\(u) + Z n (u) and U — ^(u) + U\(u) + Uo(u). A symmetry 
corresponding to the symmetric face F u will sometimes be denoted by S u . Two geometric tripotents u\ and 
U2 are orthogonal if u\ G Uq{u2) (which implies 112 G Uo(u\)) and colinear if u\ G ^1(^2) and 112 G 
More generally, elements a and 6 of U are orthogonal if one of them belongs to [^(u) and the other to Uo(u) 
for some geometric tripotent u. Two geometric tripotents u and v are said to be compatible if their associated 
geometric Peirce projections commute, i.e., [P k (u), Pj(v)] — for k, j G {0, 1,2}. By [15, Theorem 3.3], this 
is the case if u € U k (v) for some k — 0,1,2. For each G G T, vq denotes the unique geometric tripotent 
with F VG = G. 

A contractive projection Q on a normed space X is said to be neutralii for each £ G X, \\Q£\\ = ||£|| implies 
Q£ = £. A normed space Z is neutral if for every symmetric face F, the projection P2(F) corresponding to 
some choice of symmetry Sf, is neutral. 

A WFS space Z is strongly facially symmetric (SFS) if for every norm exposed face F in Z\ and every 
y G Z* with ||y|| = 1 and F C F y , we have S£y = y, where Sf denotes a symmetry associated with F. 

The principal examples of neutral strongly facially symmetric spaces are preduals of J-BVF*-triples, in 
particular, the preduals of von Neumann algebras, see [16]. In these cases, as shown in [16], geometric 
tripotents correspond to tripotents in a JB W* -triple and to partial isometries in a von Neumann algebra. 
Moreover, because of the validity of the Jordan decomposition for hermitian functionals on JB*-algebras, 
s^ c F is automatically norm closed (cf. Lemma 2.9). 

In a neutral strongly facially symmetric space Z, every non-zero element has a polar decomposition [15, 
Theorem 4.3]: for 7^ / G Z there exists a unique geometric tripotent v — v(f) = Vf with f(v) = ||/|| and 
(v, {f} ± ) = 0. Let M denote the collection of minimal geometric tripotents of U, i.e., M. = {v G QT : 
U2(v) is one dimensional}. If Z is a neutral strongly SFS space satisfying PE, then the map / 1— » v(f) is a 
bijection of extZi and M ([17, Prop. 2.4]). 

A partial ordering can be defined on the set of geometric tripotents as follows: if u, v G QT, then u < v 
if F u C F v , or equivalently ([15, Lemma 4.2]), P 2 (u)*w = u or v — u is either zero or a geometric tripotent 
orthogonal to u. Let I denote the collection of indecomposable geometric tripotents of U, i.e., X = {v G 
QT : u G QT, u < v => u = v}. In general, M. C I, and under certain conditions, (Proposition2.11(a) below 
and [17, Prop. 2.9]), M. coincides with I. 

We now recall the definitions of the pure state properties and other axioms. 

Definition 1.1 Let / and g be extreme points of the unit ball of a neutral SFS space Z. The transition 
probability of / and g is the number 

(/Iff) == f(v{g)). 

A neutral SFS space Z is said to satisfy "symmetry of transition probabilities" STP if for every pair of 
extreme points f , g G ext Z\ , we have 

Wi=W)- 

In order to guarantee a sufficient number of extreme points, the following definition was made in [17] and 
assumed in [18]. For the present paper, this definition is too strong and will be abandoned. It will turn out 
that the property (b) of Proposition 1.4 will be available to us and suffice for our purposes. 

Definition 1.2 A normed space Z is said to be atomic if every symmetric face of Z\ has an extreme point. 

Definition 1.3 A neutral SFS space Z is said to satisfy property FE if every norm closed face of Z\ different 
from Z\ is a norm exposed face. We use the terminology PE for the special case of this that every extreme 
point of Z\ is norm exposed. 

The following consequence of atomicity will be more useful to us in this paper. 

Proposition 1.4 ([17], Proposition 2.7) If Z is an atomic SFS space satisfying PE, then 

(a) U = ~spA4 (weak* -closure), where M. is the set of minimal geometric tripotents. 
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(b) Z\ = coextZi (norm closure). 

Definition 1.5 A neutral SFS space Z is said to satisfy the "extreme rays property" ERP if for every u £ QT 
and every / e cxt Z\, it follows that P2(u)f is a scalar multiple of some element in ext Z\. We also say that 
P 2 (u) preserves extreme rays. 

Definition 1.6 A WFS space Z satisfies JP if for any pair u, v of orthogonal geometric tripotents, we have 

S U S V = S u + V , (1) 

where for any geometric tripotent w, S w is the symmetry associated with the symmetric face F w . 

The property JP was defined and needed in [18] only for minimal geometric tripotents u and v. The 
more restricted definition given here is needed only in Proposition 2.11(b), where ironically, the involved 
geometric tripotents turn out to be minimal. (The assumption of JP is used in subsection 2.1 only for 
minimal geometric tripotents.) As in Remark 4.2 of [18], with identical proofs, JP implies the following 
important joint Peirce rules for orthogonal geometric tripotents u and v. 



Z 2 (u + v) = Z 2 (u) + Z 2 {v) + Z 1 {u)nZ 1 (v), 

z^u + v) = Zi(u)nz (v) + Zi(v)nz (u), 
Z (u + v) = z (u)nz {v). 



Definitions 1.1,1.3 and 1.5 are analogs of physically meaningful axioms in [1]. In the Hilbcrt space model 
for quantum mechanics, property JP for minimal geometric tripotents is interpreted as follows. Choose £®£ 
to be the state exposed by a yes/no question v and 77(g) 77 to be the state exposed by another u, and complete 
£,77 to an orthonormal basis. For any state vector ( expressed in this basis, the symmetry S u (resp. S v ) 
changes the sign of the coefficient of £ (resp. 77) and S u+V changes the sign of both coefficients. 

We need the concept of L-embcddcdness for the proofs of Proposition 3.10 and Theorem 3.14. This is 
defined as follows. A linear projection P on a Banach space X is called an L-projection if ||x|| = ||Px|| + 
||(7 — P)x\\ for every x € X. The range of an L-projection is called an L-summand. The space X is said 
to be an L- embedded space if it is an L-summand in its second dual. These concepts are studied extensively 
in [19, Chapter IV]. The predual of a Ji3*-triple is an example of an L-embedded space ([6]) and every 
L-embedded space is weakly sequentially complete ([19, Theorem 2. 2, page 169]. 

The following is the main result of [18]. We have added the assumption of L-embeddedness, which seems 
to have been overlooked in [18]. This omission was discovered in the process of proving Proposition 3.10. 
More precisely, our Proposition 3.4 is needed in the proofs of [18, Lemmas 5.5 and 6.6]. In addition, 
our Proposition 2.4 is needed for [18, Theorem 3.12], and our Corollary 3.2 is needed three times in [18, 
Proposition 4.11]. Cartan factors are defined in the next subsection. 

Theorem 1.7 ([18], Theorem 8.3) Let Z be an atomic neutral strongly facially symmetric space satisfying 
FE, STP, ERP, and JP. If Z is L-embedded, then Z — ® e a J a where each J a is isometric to the predual of a 
Cartan factor of one of the types 1-6. Thus Z* is isometric to an atomic J BW* -triple. If Z is irreducible, 
then Z* is isometric to a Cartan factor. 

One of our main objectives in this paper is to be able to drop the assumption of atomicity in this result, 
i.e. to find a non-ordered analog of the main theorem of Alfsen-Shultz [1]. This will be achieved in our 
Theorem 3.14 below, but at the expense of some other axioms. 

1.2 J5*-triples and ternary rings of operators 

A Jordan triple system is a complex vector space V with a triple product {•,-,•} : V x V x V — > V which is 
symmetric and linear in the outer variables, conjugate linear in the middle variable and satisfies the Jordan 
triple identity 

{a, b, {x, y, z}} = {{a, b, x}, y, z} - {x, {b, a, y}, z) + {x, y, {a, b, z}}. 
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A complex Banach space A is called a J B* -triple if it is a Jordan triple system such that for each z £ A, 
the linear map 

D(z) : v £ A {z, z, v} £ A 

is Hermitian, that is, ||e ttD ^|| = 1 for all t e R, with non-negative spectrum in the Banach algebra of 
operators generated by D(z) and ||Z?(,2)|| = ||.z|| 2 . A summary of the basic facts about JB*-triples can be 
found in [25] and some of the references therein, such as [22], [12], and [13]. 

A J£T-triple A is called a J BW* -triple if it is a dual Banach space, in which case its predual is unique, 
denoted by A*, and the triple product is separately weak* continuous. The second dual A** of a J_B*-triplc 
is a JBW*-triple. 

The J_B*-triplcs form a large class of Banach spaces which include C*-algebras, Hilbert spaces, spaces of 
rectangular matrices, and JB*-algebras. The triple product in a C*-algebra A is given by 

{x,y,z} = i (xy*z + zy*x). 

In a JB*-algebra with product xoy, the triple product is given by {x, y,z} — (xoy*)oz+zo{y*ox) — (xoz)oy*. 
An element e in a JB*-triplc A is called a tripotent if {e, e, e} = e in which case the map D(e) : A — ► A has 
eigenvalues 0, \ and 1, and we have the following decomposition in terms of eigenspaces 

A = A 2 (e) Ax{e) A (e) 

which is called the Peirce decomposition of A. The |-eigenspace Ak(e) is called the Peirce k-space. The 
Peirce projections from A onto the Peirce k-spaces are given by 

P2(e) = Q 2 (e), P 1 (e) = 2(D(e)-Q 2 (e)), P (e) = I - 2D(e) + Q 2 (e) 

where Q(e)z — {e, z, e} for z £ A. The Peirce projections are contractive. 

For any tripotent v, the space A 2 (v) is a JB*-algebra under the product x ■ y = {x v y} and involution 
x" = {v x v}. JBW*-triples have an abundance of tripotents. In fact, given a JBW*-triple A and / in the 
predual A*, there is a unique tripotent v/ £ A, called the support tripotent of /, such that / o P^ivf) = f 
and the restriction J\a 2 (v } ) is a faithful positive normal functional. 

An important class of JBW*-triples are the following six types of Cartan factors (see [8, pp. 292-3]) : 

type 1 B{H,K), with triple product {x, y, z} — ^(xy*z + zy*x), 
type 2 {ze B{H,H) : z l = -z}, 
type 3 {z e B(H, H) : z f = z}, 
type 4 spin factor (defined below), 

type 5 Mi i2 (0) with triple product {x,y, z} — ^(x(y*z) + z(y*x)), 
type 6 M 3 (0) 

where O denotes the 8 dimensional complex Octonians, B(H,K) is the Banach space of bounded linear 
operators between complex Hilbert spaces H and K, and z* is the transpose of z induced by a conjugation 
on H. Cartan factors of type 2 and 3 are obviously subtriplcs of B(H,H), the latter notation is shortened 
to B(H), while type 4 can be embedded as a subtriple of some B{H). The type 3 and 4 are Jordan algebras 
with the usual Jordan product x o y = \{xy + yx). Abstractly, a spin factor is a Banach space that is 
equipped with a complete inner product (•, •) and a conjugation j on the resulting Hilbert space, with triple 
product 

{x,y,z} = -((x,y)z + (z,y)x- (x,jz)jy) 

such that the given norm and the Hilbert space norm are equivalent. 

An important example of a J£?*-triple is a ternary ring of operators (TRO). This is a subspace of B(H) 
which is closed under the product xy*z. Every TRO is (completely) isometric to a corner pA(l — p) of a 
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C*-algebra A. TRO's play an important role in the theory of quantized Banach spaces (operator spaces), 
see [11] for the general theory and [10] for the role of TRO's. For one thing, as shown by Ruan [24], the 
injectives in the category of operator spaces are TRO's (corners of injective C*-algebras) and not, in general, 
operator algebras. If A is a TRO and v is a partial isometry in A, then ^(u) is a C*-algebra under the 
product (x,y) i— > xv*y and involution x i— » vx*v. 

Motivated by a characterization for JB*-triples as complex Banach spaces whose open unit ball is a 
bounded symmetric domain, we gave in [23] a holomorphic operator space characterization of TRO's up to 
complete isometry. As a consequence, we obtained a holomorphic operator space characterization of C*- 
algebras as well. Since a closed left ideal in a C*-algebra is a TRO, Theorem 1.8 below will allow us, in our 
facial operator space characterization of left ideals (Theorem 3.18) to restrict to TROs from the beginning. 
The following is the main result of [23] . 

Theorem 1.8 ([23], Theorem 4.3) Let A C B(H) be an operator space and suppose that M n (A)o is a 
bounded symmetric domain for some n > 2. Then A is n-isometric to a ternary ring of operators (TRO). If 
M n (A)o is a bounded symmetric domain for all n > 2, then A is ternary isomorphic and completely isometric 
to a TRO. 

2 Atomic decomposition of facially symmetric spaces 
2.1 Contractive projections on facially symmetric spaces 

In this subsection, we shall assume that Z is a strongly facially symmetric space with dual U = Z* . If {vi} 
is a countable family of mutually orthogonal minimal geometric tripotents, then v = supVi exists as it is the 
support geometric tripotent of ^22~ l f i} where = Vf t . This fact will be used in the proof of the following 
lemma. 

Lemma 2.1 Let {vi} be a countable family of mutually orthogonal minimal geometric tripotents, with v =: 
supvi. Thenv~J2 i v i (w*-limit). 

Proof: Note first that by [15, Cor. 3.4(a) and Lemma 1.8], for each n > 1, 

n n 

n?(iM«0 + P (vi)) = + p o(zZ 

i i 

so by [15, Cor. 3.4(b)], 

n n 

i i 

and hence -^M^i) is a contractive projection. For ip e Z, by orthogonality, 

n n 

J2\\P2(viM = \\J2 p ^M<yi 

1 1 
so that ll-F^j VI] < IMI and with Q n := -^M^i) and for m > n, 

\\Qm<P - Qn¥>\\ = \\Qnf\\ - HQm^ll 

so that Q n f converges to a limit, call it Qip, and Q is a contractive projection. 

For each x £ U, Q* n x converges in the weak*-topology to Q*x. Applying this with x = v and recalling 
that P2{vi)*v — Vi, we obtain vi = Q* n v — > y in the weak*-topology for some y € U2(v). On the other 
hand, since (y,J22~ l fi) = 1, by [15, Theorem 4.3(c)], we have F v C F y and therefore by strong facial 
symmetry, y — v + y , where yo & Uq(v). Since j; e ^(u) we must have yo = and hence y = v. □ 

Lemma 2.2 Suppose that Z is neutral and satisfies JP. Let {vi} be a countable family of mutually orthogonal 
minimal geometric tripotents, with v =: supw^. Then U^ 1 [Z 2 (i'i) U Z\(vi)] is norm total in Z 2 (v) + Z\{v). 
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Proof: Let W be the norm closure of the complex span of U°l 1 [Z 2 (vi) U Zi(vi)]. We first show that 

Z 2 (v) + Z 1 (v) CI (2) 

If <p g Z 2 (u) + Zi(u) and ^ ^ VF, then there exists x g U, \\x\\ < 1 with (x,ip) ^ and (x,W) = 0. We'll 
show that x g f/o(^)- Since g Z 2 (u) + ^i(u) implies (x, ip) = 0, this is a contradiction, proving (2). 

Let s n = Y^i v j an d for p e Z of norm one, let p = p 2 + pi + po be its geometric Peirce decomposition 
with respect to s n . By JP (for minimal geometric tripotents), p 2 , p\ £ W. Therefore 

(s n ±x,p) = (s n ,p 2 ) ± (x,po) = (P 2 (s n )s n ± P (s n )x, p) 

so that 

\{s n ±x,p)\ < \\P 2 (s n )s n ± P (s n )x\\ = max(||P 2 (s„)s„||, ||P (s„)a;||) = 1. 

Thus || J2i v i =t x ll =1 so by Lemma 2.1, ||u ± x|| < 1. By [15, Theorem 4.6], v + Uo(v)\ is a face in the unit 
ball of U, and since v — (v + x)/2 + (v — x)/2, v ± x G v + Uo(v)\, proving x g f/o(w) and hence (2). 

To show that equality holds in (2), note first that it is obvious that Z 2 (vi) C Z 2 (v), and if <p g Z\(vi), 
then by compatibility, Po(v)<p = Po(v)Pi e But Po(i>)¥> = Po(v)Po(vi)p> g Z (vi) so that 

Po(v)^> = 0, as required. □ 

Corollary 2.3 P (u) = ng 1 P (w 4 ) fstron^ Zwrat,). 

Proof: Let Q n = II" P («i). Let ip € Z have geometric Peirce decomposition ip 2 + p>\ + ip with respect 
to v. Since Z (v) C Q n (Z), Q n <Po = po ^> Po = Po(v)p. It remains to show that Q n {f2 + Pi) — » 0. 
By Lemma 2.2, it suffices to prove that Q n tp — > for every i and every -0 g Z 2 (vi) U Z\(vi). But for any 
V> g Zk(vi) for fc = 2, 1, Q„V = QnPk{vi)^p — as soon as n > i. □ 

Proposition 2.4 Suppose that Z is neutral and satisfies JP. Let {ui}i e i be an arbitrary family of mutu- 
ally orthogonal minimal geometric tripotents. Then Q := Hi e jPd(ui) exists as a strong limit and Q is a 
contractive projection with range r\ ie iZ (ui). 

Proof: Fix / g Z. For each countable set X C I, let g\ :— Hi & \Po(iii)f , which exists as a norm limit by 
Corollary 2.3. 

With a :— inf ||<7a||) where A runs over the countable subsets of /, we can find a sequence X n of countable 
sets such that a = \\m\\g\ n \\, and hence a countable set p — U„A„ C / such that ||<7 M || = a. It remains to 
prove that 

U ieI Po(ui)f = U iefl P (ui)f. 
For e > 0, choose a finite set A C p such that for all finite sets A with A n C A C p, 

\\U ieA P (ui)f - U ie ^P (ui)f\\ < e. 
By the neutrality of Po{uj) and the definition of a, for any j g' p, 

Po(uj)ThenPo(ui)f = n ieM P (ui)/. 
Hence, for any finite subset B with Ao C B C /, 

||ni€Bi , o(«i)/-n ie „Po(«i)/|| 

= \\U ieB -^Po(ui)[U ieBri ^Po(ui)f - U i€ll P (ui)f]\\ 
< \\H ieBnfl P { Ui )f - U iefl Po{ Ui )f\\ < e.D 
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2.2 Jordan decomposition 

In this subsection we introduce the Jordan decomposition property. We use it in place of atomicity to obtain 
Proposition 2.11, which contains the analogs of [17, Prop. 2.9] and [18, Prop. 2.4]. Lemmas 2.5-2.9 are taken 
from an unpublished note of Yaakov Friedman and the second named author in 1990. 

Lemma 2.5 Let F be a norm exposed face of the unit ball of a normed space Z, and let I denote the closed 
unit interval. The following are equivalent. 

(a) (sp R F)i C co(IFU-IF). 

(b) For each non-zero f E sp^F, 3 g, h g R + F with f = g — h and \\f\\ = \\g\\ + \\h\\ . 

(c) d{sp R F) 1 (lco{FU-F). 

(d) For each non-zero f g sp^F, 3 g, h g R + F with f = g — h and g _L h. 

Proof: (a)=Kc). If / G sp R F and ||/|| = 1, then / = Xaa - (1 - A)/3r, with a,[3,\ g I and a,r g F. If 
A = or 1, then / g ±F so assume that < A < 1. We have 

1 = ll/H = \\Xaa - (1 - \)/3t\\ < Xa + (1 - A)/? < a V (3 < 1. 

Since A<1, a = (3 = 1. 

(c) =Kb). If ^ / e sp R F, then Il/H" 1 / = Act- (l-A)r with A e / and cr, r g F. Since ||Acr|| + ||(l-A)r|| = 
A + (1 — A) = 1, we have 

11/11 = ll/ll(l|A<7|| + ||(1 - A)r||) = IKII/IIAM + IKH/IKl - A))r||. 

(b)=>(a). Let / g (sp R F)i and assume < ||/|| < 1. With / = g-h and ||/|| = ||.g|| + \\h\\ with 
g,fe€ R+f 1 , we have 

/ = ILglKILgir 1 .?) + MHWr 1 **) + (i - 11/11) ■ o g co(ifu-if). 

(d) =>(b). Kg±h, then ||/|| = ||.g - = || 5 || + ||/i||. 

(b)=>(d). If 5, /i G R+F and F = F x for some x g J7 of norm one, then + = g(x) + h(x) = \\g\\ + \\h\\. 
Therefore, \\g±h\\ = ||.g|| + \\h\\, i.e., g _L h. □ 

Definition 2.6 A norm exposed face of the unit ball of a normed space Z satisfies the Jordan decomposition 
property if (one of) the conditions of Lemma 2.5 holds. 

It is elementary that if F satisfies the Jordan decomposition property, then cxt (sp R F)i = extFU 
ext(-F). 

Lemma 2.7 Let Z be a neutral SFS space, let F be a norm exposed face of Z\and let f £ F. Then 
S v{f) {F) C F and P 2 (f)F C R+F, where P k (f) denotes P k {v{f)) for k = 0, 1, 2. 

Proof: Let F — F u for some u g QT . Then by the minimality property of the polar decomposition ([15, 
Theorem 4.3(c)]), F v ^ C F u and by strong facial symmetry, S*^u = u. Thus if p g F u , u) = 

(p,u) — 1 i.e., S v rf)p g F u , which proves the first statement. 
By what was just proved, 

[P 2 (f) + P (f)}(F) = I -±^l(F)cF 

Thus, if g g F, 

Since F is a face, P 2 (f)g/\\P 2 (f)g\\ g F. □ 

Lemma 2.8 In a neutral SFS space, the Jordan decomposition is unique whenever it exists, i.e., if u g (?T 
and for i — 1,2, if f = u\ — t\ = a 2 - r 2 wif/i Ti,cri g R + F u , 1 = ||/|| = \\ai\\ + WnW, then o\ = a 2 and 

T\ =T 2 . 
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Proof: Apply P 2 (oi) and P 2 (ti) to / = o\ — T\ = er 2 — r 2 to obtain o\ = P 2 (cti)(7 2 — P 2 (ci)t 2 and 
-r\ = P 2 (ti)(7 2 - P 2 (ti)t 2 . Since a { _L t;, 

1 = Ikill + ||n|| < ||f2(<7i)CT 2 || + ||P 2 ki)r 2 || + ||P 2 (ti)ct 2 || + ||P 2 (ti)t 2 || 
= ||[P 2 (<ti) +P 2 (ri)](7 2 || + ||[P 2 (<7i) + P 2 (ri)]r 2 || 
< |k 2 || + ||r 2 || = l. 

Therefore |ki|| = ||P 2 (<7i)ct 2 || + ||P 2 (ct 1 )t 2 ||. 

Case 1. P 2 (cti)t 2 7^ 0. In this case, P 2 (cr 1 )cr 2 7^ 0, otherwise we would have cri = and hence cri = cr 2 = 0. 
We then have 

0*1 _ ||P 2 (gi)^ 2 || P»kik 2 / -P 2 (^i)t 2 \ 
lki|| Hen || ||P 2 (<Tlk2|| |ki|| \WP2ioM)- 

Since P u is a face, 

-P 2 (q- 1 )r 2 
11^(^)7511 

On the other hand, by Lemma 2.7, P 2 (cti)t 2 e R + P«, so that P 2 (cti)t 2 = 0, a contradiction, so this case 
does not occur. 

Next, as above, apply P 2 (ct 2 ) and P 2 (r 2 ) to / = u\ — n = <r 2 — t 2 to obtain er 2 = P 2 (cr 2 )cri — P 2 (c 2 )ti 
and -t 2 = P 2 (t 2 )cti - P 2 (t 2 )ti. Since <7j _L n, as above we obtain ||cr 2 || = ||P 2 (cr 2 )cri || + ||P 2 (a 2 )Ti ||. 

Case 2. P 2 (<t 2 )ti 7^ 0. Exactly as in case 1, this implies that P2(p2)o\ 7^ and leads to a contradiction 
unless (j 2 = 0. So this case does not occur. 

Case 3. P 2 ((7 2 )ti = P 2 (cti)t 2 = 0. In this case, a\ = P 2 (<7i)er 2 and er 2 = P 2 (ct 2 )cti, so that |ki|| = |k 2 ||. 
It follows that r 2 (w((Ti)) = (P 2 (ci)r 2 , v{o\)) = and 

Iklll = cr l(«( cr l)) = /(«( cr l)) = 0- 2 (u(CTl)) - T 2 (u(<Tl)) 
= CT 2 (w((Ti)) < ||a- 2 || = ||(Ti||, 

implying v(cr 2 ) < v(a\). Similarly, using P 2 (ct 2 )ti = leads to |k 2 || = cri(u((T 2 )) and v(u\) < i>(<7 2 ). 
Thus v(ct 2 ) = v(<ti), and we now have 

C7l = P 2 ((Ti)/ = P 2 ((7l)er 2 - P 2 ((Tl)T 2 = P 2 ((Ti)(T 2 = P 2 (<7 2 )(7 2 = (T 2 .D 



Lemma 2.9 Lef F be a norm exposed face satisfying the Jordan decomposition property. Then 

(a) sp n Fnisp R F = {0}. 

(b) If Z is a neutral strongly symmetric space, then the projection of sp c F = sp R F + isp R F onto sp R F is 

contractive. 

Proof: Let h e sp R P n isp R P, and suppose that \\h\\ = 1. By Lemma 2.5, 

h = aif + (3(-ig) = 7/1 + 6(-gi) 

for some /, g, /1, gi G F and a, (i, 7, 8 € R with a > 0, /3 = 1 — a, 7 > 0, (5=1 — 7, / _L and /1 _L gi. With 
F = F u for some w e £T, we have i(a — f3) = h{u) = 7 — <5, so that 

^=^(/-.9) = ^(/i-5i)- (3) 
Applying successively P 2 (/) and P 2 (g) to (3) we obtain 

if = - P2(f)gi and - ig = P 2 (g)f 1 - P 2 {g) 9l . 
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Therefore 



2 - IMI + IMI < ||P 2 (/)/i|| + UW)sill + ||JMs)/i|| + \\P2(g)gi\\ 

= + \\P2(g)h\\) + (||P 2 (/) 5 ill + \\P2(g)gi\\) 

< ll/i|| + llffi||=2. 

If -P 2 (/)/i = 0, then if = — P 2 (/)/i G R + F, a contradiction. Similarly, P 2 (f)gi 7^ 0. Since if 1 is a face, and 

*/ = ( + lifter f ~ P2if)gi 



W)/r £ . R 



On the other hand, by Lemma 2.7, 



IW)/m 

P2{f)h 



G F 



IIW)/i|| 

also. This is a contradiction which proves (a). 

Now let g + ih G sp R F + zsp R F. Write g — ap — bo with p _L a, p,o G F, and \\g\\ = a + b. Then 
(5, Up - Va) = a + b, and 



11.9 + ^11 > \(g + ih,Vp-v tT )\ = \a + b + i(h,v p 



= [{a + bf + {h,v p -v (T ) 2 ] 1 ' 2 >a + b=\\g\\, 

proving (b). □ 

If Z is a dual space, so that each norm exposed face is weak*-compact, then (b) and the Jordan decom- 
position property imply that sp c F is closed, so that Z 2 {F) = sp c F. 

Definition 2.10 A WFS space satisfies property JD if every symmetric face satisfies the Jordan decompo- 
sition property. In this case, we say that Z is locally base normed. 

It is important to note that this property is hereditary, that is, if Z satisfies JD, then so does any geometric 
Peirce space Zk(u). Indeed, if F w n Z k (u) is a local face corresponding to a geometric tripotent w G U k (u), 
and p G sp R [F w n Z k (u)\, then p = ag — f3h, with g,h G F w and ||p|| = a + [3. From this it follows that 
Pk{u)g, Pk(u)h G F w and p = aP k (u)g - (3P k (u)h. 



Proposition 2.11 Let Z be a locally base normed SFS space. 

(a) X=M. 

(b) Suppose furthermore that Z is neutral and satisfies J P. Let v G M. and suppose that w G QT and wTv. 

Then w G M. 



Proof: Let v G X and suppose F v contains two distinct elements /i,/ 2 and set / = /1 — / 2 - Then 
/ = ag — (ih with a, (i G R + and g,h G F v . By evaluating at v one sees that a = (3 = 1/2. Therefore F v 
contains orthogonal elements g and h with orthogonal supports v g and Vh such that v g < v, Vh < v. Since 
v G X, v g = v = Vh, a contradiction. Thus F v consists of a single point and v G M. This proves (a). 

To prove (b), we first show that F w C Z\(v). Let ip = ij) 2 + tpi + V'o be the Peirce decomposition 
of ip G F w C Z 2 (w) with respect to u. We shall show that V> 2 = Vo = 0. In the first place, by [17, 
Prop. 2.4], -02 = P 2 (w)V ; = ip( v )fv an d since u G Ui(w), f v G Z\(w). (To see this last step, note that 
for k = 0,2, PfcH/, = P k (w)P 2 (v)f v = P 2 (v)P k (w)f v = (P k (w)f v ,v)f v = (f v ,P k (w)*v)f v = 0.) On 
the other hand, since v and w are compatible, ^2 = P 2 (u)P 2 (u>)V ; = P2(w)P 2 (v)ip G Z 2 (w), showing that 
■0 2 G Z 2 (w) n Zi(ro) = {0}. Now V = 0i + ipo G F™, so = -V>i + "00 G -F w by [15, Theorem 2.5], so 
that -00 Gspr F„,. Hence, if ip a ^ 0,we can write V'o/llV'oll = Act — /jt with <r, r G F^, A, > and A + = 1. 
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Since <j,t £ F w , as shown above, cr 2 = ^2 = and V'o/llV'oll = A(<7i + 00) — jtt(ri + To) so that Aci — /UTi = 0, 
A = fi = 1/2 (since a\{w) = ti(w) = 1) and 1 1 cr — T o|| = PV'o/HV'oll || = 2. Since 

2 = ||<7 - To|| < ||<7 || + ll-7-o || < 1 + 1 = 2, 

1 1 Co 1 1 = 1 and by neutrality of Pq(v) ([15, Lemma 2.1], o\ = 0, implying ao = <r E F w , a contradiction as 
a Q (w) = (P 2 (w)P (v)a,w) = (P 2 (w)a, P (v)*w) = 0. Therefore ?Ao = and F w C Zi(t>). 

Now that we know F w C Zi(v), we show that is a single point. Suppose to the contrary that there 
exist g,h £ F w with g ^ ft,. Then / := g — h is a non-zero element of sprF^, so / = er — r with cr, r G R + i 7 ' M , 
and + ||t|| = ||/||. Since <r(w) = t(w), a 7^ and r ^ 0, and since cr _L t, v a and w T are orthogonal 
geometric tripotents in U 2 (w) and hence U 2 (v a + v T ) C U2(w). Moreover, by [15, Theorems 2.3,2.5], 

U 2 (w) = sp w ' {v G :G£ ST, G C Z 2 (w)} 
C sp 10 * {vq : G £ ST, G C Z x {v)} 
C sp 10 * {» G :Ge = -G) = U x (v). 

Then by [18, Cor. 2.3], v £ Ui(v a ) n f/i(w r ) and by JP, v £ XJ 2 (v a + v T ) C U 2 (w), that is, w h u, a 
contradiction. □ 



2.3 Rank 2 faces; spin factor 

In this section we assume that Z is a neutral, strongly facially symmetric, locally base normed space satisfying 
JP. 

Lemma 2.12 Let v £ M. and ip £ Z\(v), ||<^|| = 1, and suppose that w := is minimal in Ui(v). Then 
either (p is a global extreme point or the midpoint of two orthogonal global extreme points. 

Proof: Since w is minimal in U\(v), the face F w (~l Z\{y) in ^i(w) exposed by w, considered as a geometric 
tripotent of Ui(v), is the single point {</?}. For any element tp £ F Wl Pi(v)tp = ip, since for k = 0,2, 
Tpk{w) = (Pk(v)ip,w) = {tp,Pk(v)*w) — 0. Thus every tp £ F w has the form ip = ip 2 + <p + ipo where 
ipk = Pk(v)ip for A; = 0,2. 

If F w = {(p}, there is nothing more to prove. So assume otherwise in the rest of this proof. As in the 
proof of Proposition 2.11(a), F w then contains two orthogonal elements a = a 2 + p + er and r = r 2 + p + r . 
Further 

2 = ||<t-t|| = ||a 2 -r 2 || + ||(To-ro|| < ||a 2 || + ||T 2 || + ||(To|| + ||ro|| 
= 1 1 0-2 +o-o|| + H-7-2 + -roll < ||o-|| + ||t|| = 2. 

This proves ||a 2 + <ro|| = 1 = ||t2 + ro||, and setting u := v a . 2 £ U 2 (v) and u = v aa £ Uq(v) one obtains 
a(u + u) = \\a 2 \\ + \\a \\ = \\a 2 + a \\ = 1 so a £ F w n 

We show next that F w n f u +u is the single point {cr}. Suppose to the contrary that F w n -F u +s is not a 
singleton. Then, as above, it contains two orthogonal elements a' and r' with ||cr 2 — r 2 | + ||<r — Tq|| = 2. 

We next claim that 

u = v a > 2 =v T > , u(a' Q ) = || a' \\ , u(tq) = ||to||. 

Indeed, 

1 = (u + u, a' 2 + a' Q ) = a' 2 {u) + a'^u) < \a' 2 (u)\ + \a' (u)\ < \\a' 2 \\ + \\a' \\ < 1, 

so that a' (u) = \\cr' \\ and cr 2 (u) = ||cr 2 ||, and hence v a * < u, and v„i = u, since u, being a multiple of v, is 
minimal, and hence indecomposable. The proofs for r 2 and Tq are similar. 

We next show that there are positive numbers A, fi and an extreme point p such that o~' 2 = Xp and 
t 2 = fip. Indeed, a' 2 = P 2 (v)a' = cr'(v)f v = cr 2 (v)f v , where /„ is the extreme point corresponding to v £ M, 
and ||cr 2 || = cr 2 (u) = a' 2 (v)f v (u). Since u is a multiple of v, f v (u) 7^ and 

a > 2 = HJI f v an d similarly r' 2 = 
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Writing f v (u) = re w , we have a' 2 = ^(e~ ie f v ) and / = ^( e - ie f v ). 
Finally, assuming without loss of generality that A > /i, we have 

2 = IK - /|| + IK -<\\ = IKII - ll/H + IK - / || < i + IKH - ii/n, 

which implies that / = and 1 1 Tq 1 1 = 1- By neutrality of Po(v), t' = t' which is a contradiction. 

This proves that F w n i^+fi is a single point {a} and hence a = <r 2 + f + cr is a global extreme point. 
Then so is a := —S v a = —a 2 + <f — oo and p = (a + a)/2, completing the proof. □ 

We can now prove versions of [17, Prop. 3. 2, Lemma 3.6] without assuming our space is atomic. First, 
we need the following lemma, the conclusion of which is in the hypotheses of [17, Prop. 3. 2, Lemma 3.6]. 

Lemma 2.13 Let v e A4, and let w e QT C\U\(v). Suppose that w £ A4. Then F w is a rank 2 face, that 
is, w = wi + W2 where w\ and W2 are orthogonal minimal geometric tripotents. 

Proof: There are two possibilities: (i) w is minimal in U\{v)\ and (ii) w is not minimal in U\{v). 

In case (i), w is the support geometric tripotent for some extreme point ip of the unit ball of Z\(v). Since 
by assumption tp is not a global extreme point, by Lemma 2.12, <p is the midpoint of two orthogonal global 
extreme points, and therefore w is the sum of two orthogonal minimal geometric tripotents. 

In case (ii), w = w\ + w 2 where w\,W2 € GT C\ U\(v), w\ _L w 2 , and by [18, Cor. 2.3], w\Tv, W2Tv, so 
wi, W2 € Ad by Proposition 2.11(b). □ 

Lemma 2.14 Assume that Z also satisfies FE and STP. Let v £ A4, and let w G QTC\U\{v). Suppose that 
w £ M. Then 

(a) If a and t are orthogonal elements of F w , then a and r are extreme points, a + t = f wi + f W2 and 

v a + v T = w, where w = w\ + W2 according to Lemma 2.13. 

(b) Each norm exposed face of Z\, properly contained in F w , is a point. 

(c) If p is an extreme point of F w , then there is a unique extreme point p of F w orthogonal to p. 

(d) With £ = (f Wl + f W2 )/2, F w = U{[^, p] : p G extF w }, where [£, p] is the line segment connecting £ and p. 

Proof: Case (i). w is minimal in U\(v). 

(a) In the proof of Lemma 2.12, it was shown that if F w contains two orthogonal elements, then these 
elements are global extreme points. Once this is known, the equalities a + r = f Wl + f W2 and v a + v T = w 
follow exactly as in the proof of [17, Prop. 3.2]. 

(b) Suppose that F u C F w and F u ^ F w . By [14, Lemma 2.7] if a e F u , there exists r e F w with r _L a. 
Then a and r are extreme points. Thus F u consists only of extreme points, and so it contains only one 
element. 

(c) If p is an extreme point of F w , then as in the proof of (b), there exists an extreme point p £ F w 
orthogonal to p. Since by (a), p + p = f Wl + f W2 , p is unique. 

(d) The proof is exactly the same as in [17, Lemma 3.6]. 

Case (ii). w is not minimal in U\{v). 

In the first place, since Z\(v) satisfies JD, and F w D Z\(v) is not a point, it must contain two orthogonal 
elements g and h with orthogonal supports v g and Vh in U\{v). Then by [18, Cor. 2.3], v g Tv, v^Tv, so by 
Proposition 2.11(b), v g ,Vh € M. and g, h are global extreme points. After noting that Z\{v) satisfies FE and 
STP (by [15, Lemma 2. 8, Cor. 4.12]), it now follows exactly as in the proof of case (i) that (a)-(d) hold for 
the face F w n Z\{v). In particular F w n Z\(v) = 

{\p+ (1 - X)p : p,p e F w n Zi(v) r\extZ!,p ± p,v p + Vp = w,0 < X< 1}. 

Now take two orthogonal elements cr, t e F w and Peirce decompose each one with respect to v: 

O- = a 2 +O- 1 +a , T = T2+T!+T . 
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Since <7i , n € F„ , as noted above we may write 

tJi = Ap + (1 - A)p , n = p</> + (1 - /u)0, 
where p and p are orthogonal global extreme points lying in F w D ^i(^) with w p + v p = w, and similarly for 

<f>,4>. 

We can partially eliminate <ft and as follows. Since t\ = P\ (v)t = P 2 (w)Pi (v)t £ Z 2 (w) and w = v p +v pi 
by [17, Lemma 2.3] 

Tl = c 1( o + c 2 p + ^ (4) 

for scalars ci,C2 and V G ^i(p) H Z\(jp). Since |ci| + |c 2 | = \\cip + c 2 p| = ||P 2 (w p )ti + Po(wp)ri|| < 1 and 
since 1 = n(w) = c\ + c 2 + r/>(tu) = ci + c 2 we have c\ + c 2 = 1 and < c\, c 2 < 1. Denote c\ by c in what 
follows. 

We shall now prove that 

T ,er e Z 1 (v p ) and v Ta v aa G X, (5) 

and 

^ in (4) is zero. (6) 

To prove (5), note that since v p e U\(v), v p is compatible with v , so Pk(v p )T € Zo(^) for k = 2, 1,0. 
Since r 2 = P 2 (w)r = (r,v)f v and 

/„ = P2(p)fv+Pl(p)fv+Po(p)fv 

= (f v , v p )p + P 1 (p)f v + P (p)P 2 (v)f v 

= MP + Pl(p)/« + (P (p)fv,v)fv 
= Pl(p)fv, 

it follows that t 2 e Z\{p). Moreover, since S* p w — w, we have S Vp F w C F w . Hence 

S Vp T = -T 2 + cp + (1 - c)p - -0 + 5„ p T e Fu,, 

and therefore 

T+ 2 VpT =c P +(l- c)p + (r + S VpTo )/2 e Fu,. 
Let r' := (r + S Vp T )/2. We'll show r' = 0. Recall that for any <j>&Z, 

||Pi(t;)0 + PoW|| - ||-54Pi(^ + PoW]|| - ||PiW-PoW||. 
Hence, if r' ^ 0, then cp + (1 — c)p — (r + S Vp r )/2 e P w , whence r' e sprF^, and by the property JD, 

//||r'||=a(£i+&)-(l-a)fai+»to) 
with £,7] e F w and a e [0, 1]. Note here that 

6 = p 2 (iOp 2 M£ = (Pb(v>)S,v)fv e ZiH, 

so £ 2 = and similarly ry 2 = 0. As in Proposition 2.11(b), this implies a = 1/2, — rji, \\£o — Vo\\ =2 and 
||£o|| = 1 = ||??o||- By neutrality, £i = = 771, which contradicts the fact that £ = £i + £o € P«,. Thus, r' = 0, 
proving that To € Z\(v p ). A similar proof shows that 00 € Z\(v p ). 

Now u To e t/o( w ) H Ui(v p ), and if w To h w p , then v p e £/ 2 (w ro ) C t/o( w )> by [15, Cor. 3.4], a contradic- 
tion. Now by the two case lemma ([18, Prop. 2.2]), v To Tv p and v To is a minimal geometric tripotent by 
Proposition 2.11(b). A similar proof shows that <jq € M. This proves (5). 

We next prove (6). Recall that t = r 2 + cp + (1 — c)p + ip + r , and note that 

r := -S v S Vp T = T2 + cp + (1 - c)p - ip + r , 

and —S v S Vp a = a. If we let r" := (t + t')/2 then t,t',t" e F m fl cr^, in particular ^ = t" — t' £ a^. 
Suppose that ip is not a multiple of a global extreme point. Since ip € Z\(v p ) n Z\{v p ), and u^, is not 
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minimal, we have v p ,vp e U2 (v$) and w = v p + vp e U2(v^). But v a < w € t/2(iy) and w CT 1^, implying 
u CT € Uq(v^) H C/2(«v)' a contradiction. 

We conclude that ^ = ay> is a multiple of a global extreme point ip. From (4), if a ^ 0, then <p is a 
difference of two elements of F w , hence an extreme point of (spR-F^)!, which implies that ip G F w U F— w . 
This is a contradiction since ±a = a<^(w) = V'(w) = i/>(v p + Up) = 0. Hence a = proving (6). 

We next show that F U) n{cr}- L n{r}- L = 0. Suppose there exists a point r' lying in i r „,n{<7}- L n{T}- L . By the 
above calculations, one member of the set {ti, (t')i, cti} is a convex combination of the other two. From this 
it follows exactly as in the proof of Lemma 2.12 that the corresponding convex combination of two elements 
of the orthogonal set {r, t', a} is an extreme point, which is a contradiction. Thus F w n {cr} 1 ^ H {t}- 1 = 0. 

We can now complete the proof of (a), and (b)-(d) will follow as in case (i). If F Vt ^ {t}, then by JD, 
F Vt contains two orthogonal elements g, h. But we have proved that in this case F w (~l {g} ± H {h} 1 ^ = 0. 
However, this set contains a and this contradiction shows that r (and by symmetry a) is an extreme point. 
This completes the proof of Lemma 2.14. □ 

Once we know the result of Lemma 2.14 above, the proof in [17] shows that the main result of [17] holds 
with atomic replaced by JD and JP. We formalize this in the next proposition. 

Proposition 2.15 Let Z be a neutral strongly facially symmetric locally base normed space which satisfies 
FE, STP, and JP. If v € M. and u € QT n U\{v), then Z%(u) is isometric to the dual of a complex spin 
factor. 

Proof: The argument in [17], from [17, Corollary 3.7] to [17, Theorem 4.16] uses only the following results 
from [17] and does not otherwise invoke the atomic assumption made there: [17, Prop. 2. 9, Cor. 2. 11, Prop. 
3. 2, Lemma 3.6]. 

On the one hand, [17, Prop. 2.9] and [17, Cor. 2.11] remain true if atomic is replaced there by JD and JP, 
as shown in our Proposition 2.11(a). On the other hand, [17, Prop 3.2] remains true if atomic is replaced by 
JD and JP, as shown in our Lemma 2.14(a),(b),(c); and [17, Lemma 3.6] remains true if atomic is replaced 
by JD and JP, as shown in our Lemma 2.14(d). Thus Proposition 2.15 is proved. □ 

2.4 Atomic decomposition 

The following is the main result of this section. 

Theorem 2.16 Let Z be a locally base normed neutral strongly facially symmetric space satisfying the pure 
state properties and JP. Then Z = Z a (B l N, where Z a and N are strongly facially symmetric spaces satisfying 
the same properties as Z, N has no extreme points in its unit ball, and Z a is the norm closed complex span 
of the extreme points of its unit ball. 

Proof: If Z has no extreme points in its unit ball, there is nothing to prove. If it has an extreme point, 
then there exists a maximal family of mutually orthogonal minimal geometric tripotents. Let Q :~ 

n ie /P (ui) be the contractive projection on Z with Q(Z) = r\i & iZ (ui) guaranteed by Proposition 2.4. We 
shall show that N := Q(Z) and Z a := (I — Q){Z) have the required properties. By maximality, N has no 
extreme points in its unit ball. 

For a finite subset A of I and Qa ■= HieAPo{ui), by JP, 

(I-Q A )(Z) = Z 2 (E A u i )®Z 1 (i: A u i ) (7) 

= (e^ 2 («i)) © n z^Uj)}) e {® A [Zi{ui) n z^^)}) . 

Since / — Q A — > / — Q strongly, it follows that every element of (I — Q)(Z) is the norm limit of elements 
from D A (I — Q A ){Z). Since obviously Z 2 (ui) _L Q(Z), in order to prove Z a _L N, it suffices to prove that for 
every i £ I, 

Z 1 (u i )±Q{Z). (8) 
For each i, let Qi — Hj eI _^Po(uj) and for <p <G Zi(m), write ip — Qnp + (I — Qi)<p. Note that 

Qi{Zi{ui)) = Z x (ui) n [n je/ _ {i} Z (uj)] 
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and that 

(7 - Q l )(Zi(u i )) is the norm closure of ®^j ltC {i} H ^i(uj)]. 

For the latter, note that for a finite subset A C I — {«}, if denotes the partial product for Qi, then 

(/-Q;,a)PiK) = 5ZP 2 («j)i , i(«i) + 5Z i> i( u fc) p i(«l)^i(«i) 

A kjtl 
A kjtj 

= + + ^Pi(w,)Pi(^)- 

A 

Thus, (I—Qi)(p can be approximated in the norm by elements from spaces of the form ®jeA[Zi{ui)C\Z\(uj)}, 
where A is a finite subset of / — {i}. 

Now (8) is reduced to proving that Qi(Zi(ui)) _L Q(Z) and (I - Qi){Zi{ui)) _L Q(Z). Since Zi(uj) n 
Z\{uj) C ^(ui + and Q(Z) C Zo(wi + %•), it is clear that {Z\(ui) n Z\(uj)] _L It remains to show 

that 

(Zi(ui) n [n jeI _ {i} z ( Uj )\) ± Q(z). (9) 

Suppose g G Z\{u{) n [rij e j_{j}.Zo(ttj)] and /i € <5(^)- Then either w s h Uj or v g Tui. In the first case, 
since by Proposition 2.15, U2{v g ) is isometric to a spin factor, there is a minimal geometric tripotent Ui with 
in _L m and e C/o(Sj G /_{i}Uj). This contradicts the maximality. Therefore w 9 is a minimal geometric 
tripotent and g is a multiple of an extreme point ip. If /i = hi + /ii + ho is the geometric Peirce decomposition 
of /i with respect to w 9 , then since w g is compatible with all the Uk, hj £ Q(Z). Now h 2 is also a multiple of 
i\) and tp e Zi(ui); hence /12 € Z (m) n Zi(m) = {0}. Since u/^ e Ui(v g ), either u/jj h w g or u/ ll Tw s . In the 
first case we would have v g € Uiivu-^) C Q{Z), a contradiction. In the second case, /ii would be a multiple of 
V>, again a contradiction. We conclude that hi = and therefore /i = /lo € ^o(v 9 ) so that g _L /i as required, 
proving (9) and thus the decomposition Z = Z a ® l N. 

It is elementary that all the properties of Z transfer to any L-summand. Finally, the set of extreme 
points of the unit ball of Z which lie in (I — Q)(Z) are norm total in (I — Q)(Z), since every element from 
the right side of (7) is a linear combination of at most two extreme points by Lemmas 2.12 and 2.14(d). □ 

3 Characterization of one-sided ideals in C*-algebras 
3.1 Contractive projections on Banach spaces 

An interesting question about general Banach spaces, which is relevant to this paper, is to determine under 
what conditions the intersection of 1-complcmented subspaces is itself 1-complemented. Although this may 
be true if the contractive projections onto the subspaces form a commuting family, we have been unable 
to prove it or find it in the literature, without adding some other assumptions. The hypothesis of weak 
sequential completeness used in Corollary 3.3 and Proposition 3.4 is satisfied in L-embedded spaces, as 
noted in subsection 1.1. 

Lemma 3.1 Let X be a Banach space and let {Pi} ie j be a family of commuting contractive projections on 
X . Then W := C\i e jP*(X*) is the range of a contractive projection on X* . 

Proof: Let T denote the collection of finite subsets of /. For each A <G T 1 let Qa — II ie ^Pi- Since the 
unit ball B(X*)\ is compact in the weak*-operator topology (= point-weak*-topology), there is a subnet 
{Rs}seT> of the net {Q* A } A( -j7 converging in this topology to an element R e B(X*)\. Thus Rs = Q* u ($y 
where u : V — > T is a finalizing map (VA <G 3So € T>, u(5) > A, V<5 > <5 ), and for every x G X* and / e X, 

(Rx,f)=lim(R s x,f). 

It is now elementary to show that R 2 = R and Rx = x if and only if x e W. For completeness, we 
include the details. 



10 



Forxex*, feX, 

(R 2 x, /> = \im(R s Rx, f) = lim(i?x, Q u {5)f) 

o o 

= limlim(ii 5 /a;, Q u{S )f) = limlim(a;, Qu(S')Qu(S)f) 
= \im.(x, Q u (s')f) = \ijn(R s/ x, f) = (Rx, f). 

o o 

Thus R 2 = R. 

If x G W , then Q* A x = x for every A G T , so that (Rx, f) = lims(Rsx, f) = \\ms(Q^ s ^x, f) = (a;, /), so 
that Rx = x. 

Conversely, if Rx = x, then 

(P*x,f) = (P*Rx,f)=lim(R s x,P i f) 

o 

= lim(P*Q* u{s) x, f) = lim(R s x, f) = (Rx, f) = (x, f), 

so that x G W. □ 

We cannot conclude from the above proof that r\i & iPi(X) is the range of a contractive projection on X. 
On the other hand, we have the following two immediate consequences. 

Corollary 3.2 Let X be a reflexive Banach space, and let {Pi} ie i be a family of commuting contractive 
projections on X with ranges Xi = Pi(X). Then Y := flje/X, is the range of a contractive projection on X . 

Corollary 3.3 Let X be a weakly sequentially complete Banach space, and let {Pi}igN be a sequence of 
commuting contractive projections on X with ranges Xi = Pi(X). Then Y := Di^Xi is the range of a 
contractive projection on X . 

Proof: With Q n = P\- ■ ■ P n , there is a subsequence Q* fc converging to an element R G B(X*)\ in the 
weak*-operator topology, that is, for x G X* and / G X, (x, Q nk f) — > (Rx, /), so that {Qn k f} is a weakly 
Cauchy sequence. By assumption, Q Uk f converges weakly to an element Sf, and it is elementary to show 
that R — S*, and S is a contractive projection on X with range Y. □ 

Proposition 3.4 Let X be a weakly sequentially complete Banach space, and let {Pi}i e i be a family of 
neutral commuting contractive projections on X with ranges Xi = Pi(X). Then Y Cii^iXi is the range of 
a contractive projection on X . 

Proof: We note first that for any countable subset A C /, by Corollary 3.3, there is a contractive projection 
Qx (not necessarily unique), with range (laz^Xi Now, for / G X, define 

a/ =infinf||Q A /||. 

There exists a sequence A^™^ and a choice of contractive projection Qx<™) with aj < ||Qa(")/II — a f + V n - 
Set ijl = U„A(") and let be a contractive projection on X with range fljg^Xj. Since Q fJl (X) C Q X ( n -,(X), 
we have ||Q M /|| = ||Q M Q A (">/II < IIQam/II implying a f = \\Q^f\\, and so \\Qnf\\ < \\Q\f\\ for all countable 
subsets A of /. 

If Q'^ is any other contractive projection with range Q^(X), then Q^f — Q'^Q^f = Q^Q'^f = Q'^f 
so that we may unambiguously define an element Qf G P\i e ^Xi by Qf := Q^f ■ By the neutrality of the 
projections, it follows that Qf G Cii^iXi. Indeed, if j & I — fi, then 

ll^uw/ll = \\PjQM < HQm/II < ll^uw/ll, 

and by the neutrality of Pj, PjQ^f = Q^f ■ Hence Qf G rijg/Xj. Conversely, if / G n, e /Xj, then in 
particular, / G Q^X), so Qf = Q^f = f. 

We have shown that Q is a nonlinear nonexpansive projection of X onto Y. It remains to show that Q 
is actually linear. For this it suffices to observe that, by neutrality, if Qf = Q^f, then Qf = Q\f for any 
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countable set A D /i. Then, if /, g e X and Qf = Q^f, Qg = Q u g, and Q(f + g) = Q a {f + g) for suitable 
countable sets /U, z/, a of /, then with t = ^iUvU(t, 



Q(/ + 5) = QAf + 9) = Qrf + Q T g = Qf + Qg-O 



3.2 Characterization of predual of Cartan factor 

In this subsection we show that the entire machinery of [18] can be repeated with appropriate modifications 
to yield a variation of the main result of [18] to non-atomic facially symmetric spaces satisfying JD, and 
stated in Proposition 3.10 below. As noted below, the assumption that Z is L-embeddcd in its second 
dual needs to be added to the assumptions in [18]. As was done in the proof of Propositiion 2.15, we shall 
explicitly indicate the modifications needed in [18], section by section, to prove Proposition 3.10. 

In the proof of [18, Lemma 1.2] it was stated that the intersection of a certain family of 1-complemcntcd 
subspaces, is itself 1-complemented. As noted in Section 3.1, this is problematical in general. However, 
[18, Lemma 1.2] is used in [18] only in the context of a reflexive Banach space, hence it is covered by 
Corollary 3.2. The role of the assumption of atomic in [18, Proposition 1.5] is to obtain the property 
expressed in Proposition 1.4(b). But as shown in Theorem 2.16, this property will be available to us. Thus 
[18, Section 1] is valid with atomic replaced by JD. 

By Proposition 2.11(b) and Lemma 2.13 respectively, [18, Proposition 2.4] and [18, Proposition 2.5] 
remain true with atomic replaced by JD. [18, Corollary 2.7] depends only on [18, Proposition 2.5] and 
Proposition 2.15, while the part of [18, Lemma 2.8] concerned with the property FE is immediate from 
[18, Corollary 2.7] and [18, Proposition 2.4]. Finally, [18, Corollary 2.9] is immediate from [17, Proposition 
2.9] which, as already remarked in the proof of Proposition 2.15, remains true with atomic replaced by JD 
(Proposition 2.11(a)). Thus [18, Section 2] is valid with atomic replaced by JD. 

The only reliance on atomicity in [18, Section 3] occurs in [18, Lemma 3.2] and [18, Proposition 3.7]. 
The former depends only on [18, Corollaries 2.7 and 2.9] and the latter on [18, Proposition 1.5], which 
as just noted, are both valid with atomic replaced by JD. In the proof of [18, Proposition 3.12] it was 
stated that the intersection of a family of Peirce-0 subspaces of an orthogonal family of minimal geometric 
tripotents is 1-complemented, and in fact the net of partial products converges strongly to the projection on 
the intersection. As no proof was provided for this in [18], we provided a proof in Proposition 2.4. Recall 
that Proposition 2.4 was also the key engredient of the proof of the atomic decomposition in Theorem 2.16 
above. 

With these remarks we can now assert the following modification of [18, Theorem 3.14], the main result 
of [18, Section 3]. 

Lemma 3.5 Let Z be a neutral locally base normed SFS space and assume the pure state properties FE,ERP, 
and STP, and the property JP. Assume that there exists a minimal geometric tripotent v with Ui(v) of rank 
1 and a geometric tripotent u with u\- v. Then U has an M-summand which is linearly isometric with the 
complex J BW* -triple of all symmetric "matrices" on a complex Hilbert space (Cartan factor of type 3). In 
particular, if Z is irreducible, then Z* is isometric to a Cartan factor of type 3. 

The only possible reliance on atomicity in [18, Section 4] occurs in [18, Lemma 4.9] and [18, Proposition 
4.11]. The former depends only on [17, Lemma 3.6], which is valid in the presence of JD by Lemma 2.14(d), 
and the latter on [18, Lemma 1.2], which as noted above is needed only for reflexive Banach spaces. However, 
[18, Lemma 4.9] states explicitly that reflexivity. Note that the "classification scheme", embodied in [18, 
Proposition 4.20] docs not involve atomic so is valid in the presence of JD. 

The only reliance on atomicity in [18, Section 5] occurs in [18, Lemma 5.2], which depends on [17, 
Corollary 2.11]. As already noted, the latter is valid in the presence of JD. In the proof of [18, Lemma 
5.5] it was stated that the intersection of a family of Peirce-0 subspaces of a family of geometric tripotents 
which are either orthogonal or collinear is 1-complementcd, and in fact the net of partial products converges 
strongly to the projection on the intersection. As no proof was provided for this in [18], we provided a proof 
of the 1-complementedness of the intersection in Proposition 3.4. This is the only place in this paper and 
one of two places in [18] where the assumption of L-embeddedness is used. Although it is problematical 
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whether the strong convergence of the partial products exists, nevertheless, it is sufficient to take a subnet 
of the net of partial sums in the proof of [18, Lemma 5.5]. The same remark applies to [18, Lemma 6.6]. 

With these remarks we can now assert the following modification of [18, Theorem 5.10], the main result 
of [18, Section 5]. 

Lemma 3.6 Let Z be a neutral locally base normed SFS space of spin degree 4, which is L- embedded and 
which satisfies FE, STP, ERP, and JP. Then Z has an L-summand which is linearly isometric to the predual 
of a Cartan factor of type 1. In particular, if Z is irreducible, then Z* is isometric to a Cartan factor of 
type 1. 

The only reliance on atomicity in [18, Section 6] occurs in [18, Lemma 6.2]. However, this dependence 
is on earlier results which have been established in the presence of JD. As noted above for [18, Lemma 5.5], 
[18, Lemma 6.6] holds under the assumption of L-embeddedness. 

With these remarks we can now assert the following modification of [18, Theorem 6.8], the main result 
of [18, Section 6]. 

Lemma 3.7 Let Z be a neutral locally base normed SFS space of spin degree 6, which is L- embedded and 
which satisfies FE,STP,ERP, and JP. Then Z has an L-summand which is linearly isometric to the predual 
of a Cartan factor of type 2. In particular, if Z is irreducible, then Z* is isometric to a Cartan factor of 
type 2. 

The results of [18, Sections 7 and 8] carry over verbatim in the presence of JD. The proof of [18, Theorem 
7.1] on pages 75-79 of [18] yields the following modification. 

Lemma 3.8 Let Z be a neutral locally base normed SFS space which satisfies FE, STP, ERP, and JP, and 
let v,v be orthogonal minimal geometric tripotents in U := Z* such that the dimension of [^(v + v) is 8 and 
Ui(v + v) 7^ {0}. Then there is an L-summand of Z which is isometric to the predual of a Cartan factor of 
type 5, i.e., the 16 dimensional J BW* -triple of 1 by 2 matrices over the Octonions. Ln particular, if Z is 
irreducible, then Z* is isometric to the Cartan factor of type 5. 

Similarly, the proof of [18, Theorem 7.8] appearing on pages 79-82 of [18] yields the following modification. 

Lemma 3.9 Let Z be a neutral locally base normed SFS space of spin degree 10 which satisfies FE, STP, ERP, 
and JP, and has no L-summand of type Ii- Then Z contains an L-summand which is isometric to the predual 
of a Cartan factor of type 6, i.e., the 21 dimensional J BW* -triple of all 3 by 3 hermitian matrices over the 
Octonions. In particular, if Z is irreducible, then Z* is isometric to the Cartan factor of type 6. 

Finally, the proof of [18, Theorem 8.2] on pages 83-84 of [18] yields the following modification. 

Proposition 3.10 Let Z be a neutral locally base normed strongly facially symmetric space satisfying FE, 
STP, ERP, which is L-embedded and which satisfies JP. For any minimal geometric tripotent v in U , there 
is an L-summand J(v) of Z isometric to the predual of a Cartan factor of one of the types 1-6 such that 
v G J(v). If Z is the norm closure of the complex linear span of its extreme points, then it is isometric to 
the predual of an atomic J BW* -triple. 

3.3 Spectral duality and Characterization of dual ball of J£?*-triple 

If Z is an L-embcddcd, locally base normed, neutral strongly facially symmetric space satisfying JP and 
the pure state properties, then by Proposition 3.10 and Theorem 2.16, its dual Z* is a direct sum Z* = 
(Z a )* ® e °° N* where (Z a )* is isometric to an atomic JBW*-triple. We shall identify (Z a )* with this JBW*- 
triplc in what follows. 

Lemma 3.11 Suppose that Z is as above and assume that Z is the dual of a Banach space B. For a e B, 
if a denotes the canonical image of a in Z* , and Q is the projection of Z* onto (Z a )* , then \\Qa\\ = \\a\\. 
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Proof: For a G B with ||a|| = 1, let g be an extreme point of the nonempty convex w*-compact set 
{/ e Z : ll/H = 1 = f(a)}. Then g G cxt Z x , so g vanishes on N*. Thus 

1 = ||«|| = Nl > HQSII > KQo )5 )| = \(a,g)\ = \{g,a)\ = l.D 

In order to show that the space P> is isometric to a J£?*-triple, it suffices to show that the image of the 
map a Qa is closed under the cubing operation in (Z a )*, and is hence a subtriple of (Z a )* . To show this 
we need a spectral assumption on the elements of B. To make this definition, we need a lemma. 

Lemma 3.12 Let Z be a neutral WFS space satisfying PE. Let {Fb ■ B G B} be a family of norm closed 
faces of Z\, where B denotes the set of non-empty Borel subsets of the closed interval [a,b]. 

(a) Suppose that 

(i) if BiC\B 2 = 0, then F Bl _L F B2 and v Bi ub 2 = «Bi + vb 2 • 

For f G C[a, b], if P — {so,--- 1 s n } is a partition of [a, b] and T = {ti,...,t n } are points with 
Si-i < U < Si, the Riemann sums S(P,T,f) = ^2™ f(tj)v( Sj _ llSj ] converge in norm to an element 
J f dvB = J f(t) dv B (t) of Z* as the mesh \P\ — min{sj — Sj_i} — > 0. 

(b) Suppose that (i) holds, with [a,b] = [0, ||x||] for some x G Z„, and suppose that x satisfies the further 

conditions: 

(ii) (x, Fb) C B for each interval B G B; 

(iii) Sp B x = x for B G B; 

Then x = J tdvs{t)- 

Proof: For the proof of (a), it suffices to show that for every e > 0, there is a 6 > 0, such that 

\\S(P,TJ)-S(P',T'J)\\<e if \P\ 1 \P'\<S. (10) 

By the uniform continuity of /, let S > correspondence to a tolerance of e/2. If |P|,|P'| < S, then 
S(P, T, /) - S(P U P', T", /), where T" is any selection of points, is of the form oijVj, where \a } \ < e/2 
and vi, . . . , v m are orthogonal geometric tripotents. Thus 

\\S(P, T, /) - S(P U P', T", f)\\= max \a 3 \ < e/2 

j 

and (10) follows. 

For the proof of (b), it suffices to prove that x is the weak*-limit of the Riemann sums corresponding to 
fo(t) := t, for by (a), x will also be the norm limit. In what follows, f(o,||x||] will be denoted by F. By (iii) 
and (iv) 

(x,Z 1 (F) + Z (F))=0. 
Also, each Riemann sum ^2tjV^ s ._ liS .] G U~2(F), so 

C£tjV {sj _ 1 , Sj] ,Z 1 (F) + Z o (F)) = 0. 
Since Z 2 (F) = sp c .F, it suffices to prove that for every tp G F, 

{x-S(P,T,f ),^)^0aa \P\ -» 0. 
Since v F — J2 v i where Vi = V( s ._ uS .], if ip G F C ©,^2(^1) © H Zi(vj)], then 

1 = («F,V> = <«F,2 i ^( w 0V' + 5Zi > i(«i)i , i(«j)V> 

= 2< Wj , p 2 ^)v) < £ iip 2 (^)vii = 11 E p 2(^)^n < 11^11 = i. 
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Therefore 

G co U • • • U F„„) + ® l ^ J [Z 1 (v l ) n 

By (iii), (x, Zi(Fb)} = for every B £ B. Therefore (x,ip) = ( x ,J2K^Pi), where ipi £ F Vi ,Xi > 0,E^i = 1. 
Also, (S(P, T, /„), V) = (E tiWi, E A,-^> = E Ui- 
By (ii), (x,ipi) E {si-t, Sj], so 

i(x-5(p,t,/o),v)i = i2M<«.^>-*i)i < m 

The lemma is proved. □ 

Let us observe that if Z is the dual of a J£?*-triple A, then each element x e A satisfies the conditions 
(i)-(iv) of Lemma 3.12. Indeed, if C denotes the JB*-subtriple of A generated by x, then C is isometric to 
a commutative C*-algebra and consists of norm limits of elements p(x) where p is an odd polynomial on 
(0, ||x||], cf. [22, 1.15] and [5, p. 438]; and if W denotes the JSW-triple generated by x in A**, then W is a 
commutative von Neumann algebra. Thus, if x = w\x\ is the polar decomposition of x in W, and |x| = J Xde\ 
is the spectral decomposition of |x| in W, and the face Fb is defined as the face exposed by the tripotent 
we(B) € A**, then the family {Fb : B € B} satisfies (i), as shown in [20, Theorem 3.2]. It also follows from 
[20, Theorem 3.2] that for every e > 0, there is a partition of [0, ||x||] such that ||x — E tj v (s j - 1 ,s j ] II < e - If B 
is a subinterval of [0, ||x||], and p G Fb, then with Vj = W( Sj _ 1)Sj ], Bj = B n (sj-i,Sj], there exist pk € Fs k 
(if Bk 7^ 0) and > with E = 1 such that (x, p) is approximated by 

proving (ii). Again, using [20, Theorem 3.2] we shall show that (iii) and (iv) hold. Since x is approxi- 
mated in norm by "^tjVj, where Vj = t>( a ._ 1)S .]j to prove (iii), it suffices to prove that VBV* B VjV* B VB = 
Vbv b vj = VjV* B VB- Since vb — E v Bj where Bj = B n (sj-i, Sj], it is trivial to check that each of the terms 
v bv*b v 3 v b v b, vsv B Vj, vjv b vb collapses to VB r Since the support of the spectral measure of |x| lies in 
[0, ||x||], (iv) also holds. 

There is another property of elements of a Ji?*-triple that we need to incorporate into our definition. 
It is based on the following observation. If x is an element of a JB*-triplc A, let f(x) denote the element 
of C which is the norm limit of odd polynomials p n which converge uniformly to / e Co([0, ||x||), and let 
K x ) = I fW de A- Since p n (x) = p n (x), 

/(x)-/(x) = f(x)-p n (x)+p n (x)-^2p n (tk)vk 

+ ^2Pn(tk)v k ~^2f{tk)Vk + ^2f{tk)Vk - fix), 

which shows that /(x) = /(x) e A. 

Definition 3.13 A strongly facially symmetric space Z with a predual Z* is strongly spectral if, for every 
element x e Z„, there exists a family {Fb ■ B e B} of norm closed faces of the closed unit ball Z\, where B 
is the set of nonempty Borel subsets of (0, |jx|j], satisfying (i)-(iv) in Lemma 3.12 and which also satisfies 

(v) For every / € Co(0, ||x||), the element J f dvs is weak*-continuous, that is, lies in Z*. 

Although somewhat complicated, this condition is precisely the analogue of a strongly spectral compact 
base K of a base normed space V given by Alfsen and Shultz in [1]. There it is given simply as the condition 
that in the order unit space V* each element a decomposes as an orthogonal difference a+ — a_ of two 
positive elements. Here orthogonal means that a + and a_ are supported on real spans of orthogonal faces 
of K. Since V* is unital, the unit may be used together with a and this property to carve out an orthogonal 
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collection of faces similar to the one above, and a lattice of orthogonal elements of 14 which generate a space 
which is isometric to a full space of continuous functions, and hence closed under the continuous functional 
calculus. Since there is no unit in our space Z», we must assume that elements ieZ, may be decomposed 
in the above fashion, and that the resulting continuous functional calculus operates in Z*. Note that this 
is entirely a linear property, and has obvious quantum mechanical significance. The faces Fb are the states 
corresponding to observations of some value in B for the observable x. The probability if this happening for 
a state ip is \^{vb)\- 

We now have the following characterizations of JB*-triples. In this characterization, the property JP must 
hold for all orthogonal faces, not just extreme points. Thus it simply says that the (necessarily commutative) 
product of the symmetries Sf and Sq corresponding to orthogonal faces F and G is Sfvg- 

Theorem 3.14 A Banach space X is isometric to a JB*-triple if and only if X* is an L- embedded, locally 
base normed, strongly spectral, strongly facially symmetric space which satisfies the pure state properties and 
JP. 

Before proving this theorem, we require one more lemma. 

Lemma 3.15 Let Z := X* and (resp. denote the projection of Z onto its atomic part Z a {resp. 

nonatomic part Z n ) given by Theorem 2.16. For any norm exposed face G C Z\, G a := ^(G) n dZ\ and 
G n :— & (G) fl dZ\ are faces in Z a and Z n respectively, and 

G=co(G a UG n ). (11) 

Moreover, writing G = F w for some geometric tripotent w, then is a geometric tripotent, and 

Fxj,* w = G a . (12) 

Proof: To show that G a is a face in (Z a )i, let Ap+(1 — A)er £ G a where p, a £ {Z a )\. Then Ap+(1 — X)a = ^f 
for some / £ G, and / = Ap + (1 — A)cr + /„. Since ||/|| = 1 = \\Xp + (1 — A)ct||, /„ = and p, a £ G, 
\\p\\ = 1 = ||<rj|, and p £ G fl Z a , proving that G is a face. Similarly for G n . 

If / £ G has decomposition / = f a + /„ = H/all^ + 1 1 fn 1 1 yjtj , then since G is a face, £ G. 

This proves C in (11). If g a := ^g £ *G n dZ\ for some g £ G, then \\g a \\ = 1 so g = g a = ^g £ G. A 
similar argument for 1 J ,± (G) n dZ\ proves D in (11). 

To prove (12), let g £ *(G) n dZi. Then {g,^*w) = (g,w) = 1 so that g £ Fy* w . On the other hand, 
if g £ F 9 . w , then 1 = \\g\\ = (g,^*w) = (^g,w) so that ^g £ F w . Since g = + V^g and \\g\\ = \\^g\\, 
ty-Lg = 0, = g and 5 £ *(G) ndZ^ 

It remains to show that \E'*u> is a geometric tripotent, that is, 

{Vw,(G a ) ± )=0. 

Note first that G^ = G^ n G^ by (11). If p £ Gf , (**to, p) = (to, (p)) and this will be zero if *(p) £ G^. 
To prove this, first let <r £ G a . Then p _L a, hence *(p) _L *(er) and since *(cr) = c, W(p) £ Gf . Then 
*(p) £ G„ n G^ = G- 1 as required. □ 

Proof of Theorem 3.14- Assume that Z = X* is a strongly facially symmetric space satisfying the hypotheses 
of the theorem. Suppose x is an element of X = Z*. By the spectral axiom and Lemma 3.12, there is an 
element y £ X such that for e > there exists 5 > such that, with f (t) — t and /i(t) = t 3 , 

\\x-S(P,T,f )\\ <e and || j/ - S(P',T', /i)|| <e 

for all partitions P, P' with mesh less than S. Fix a common partition P = {so, . . . , s n } with |P| < <5, and 
write v t = f( Si _ llSi ] and («;)„ = Then by (12), 

\\^*{x)-^2ti{vi) a \\ < e and \\^*{y) — ** II < e ' 



22 



Since in a J_B*-triple, ||{aaa} — {fofefe}|| < \\a — 6j|(||a|| 2 + j|a||||fe|| + ||6|| 2 ), and since the (vi) a are orthogonal 
tripotents in the Ji?M / *-triple (Z a )*, we have 

\\{9*(x), **(*)} - 2*i(«i)all < 3e|k|| 2 , 

and therefore **(£), < e(3||ir|| 2 + l). It follows that is a norm closed subspace 

of the JBW*-triplc (Z n )* that is closed under the cubing operation. Hence ^(X) is a subtriple of (Z a )* as 
required. 

The converse, that the dual Z of a JB*-triple is a strongly facially symmetric space satisfying the con- 
ditions of the theorem, has already been mentioned above. That the spectral axiom is satisfied was shown 
preceding Definition 3.13. The proofs that it is a strongly facially symmetric locally base normed space can 
be found in [16], the proofs that it satisfies the pure state properties can be found in [12], the proof of the 
L-embeddedness can be found in [6] , and the proof of FE can be found in [9] . □ 

We can restate Theorem 3.14 from another viewpoint as follows: for a Banach space X, its open unit ball 
is a bounded symmetric domain if and only if X* is an L-embedded, locally base normed, strongly spectral, 
neutral strongly facially symmetric space which satisfies the pure state properties and JP. 



3.4 One-sided ideals in C*-algebras 



Proposition 3.19 and Theorem 3.18 below, together with Theorem 1.8, give facial and linear operator space 
characterizations of C*-algebras and left ideals of C*-algebras. This work was inspired by [7], in which 
Theorem 1.8 is used to characterize left ideals as TRO's which are simultaneously abstract operator algebras 
with right contractive approximate unit. 

We start by motivating the main result of this subsection. Recall that a TRO is made into a Ji3*-triplc 
by symmetrizing the ternary product. 



Remark 3.16 If J is a closed left ideal in a C*-algebra and J possesses a right identity e of norm 1, then 

is a maximal partial isometry in M 2i i(J), that is, Pq(E) = 0. 



J is a TRO and E :-- 



Proof: By a remark of Blecher (see [7, Lemma 2.9]), xe* = x for all x € J, so that x — xe*e and in 
particular, e is a partial isometry, and so is E. 

x 



For 



y 



e M 2 ,i(J), 



Po(E) 



(I - EE* 



x 

y 



1 o 

1 - ee* 



x(l - e*e) 
(1 - ee*)y(l - e*e) 



(I - E*E) 
(I-e*e) 
-- O.a 



Conversely, we have the following. 



Proposition 3.17 Let A be a TRO. Suppose there is a norm one element x in A such that the face in 
(M 2 ,i(A)*)i exposed by 

' 



X :-- 



G M 2A (A) 



is maximal. Then A is completely isometric to a left ideal in a C*-algebra, which ideal contains a right 
identity element. 

Proof: Let B = M 2 ,i(A). If V is the partial isometry in B** such that F x = F v , then X = V + P (V)*X = 
V, so that x is a partial isometry in A, which we denote by v. 
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We next prove that v is a right unitary in A; that is, x — xv*v, for all x E A. Indeed, for x E A, 



D(V) 





' " 


* 


X 




X 




' " 


* 


' " 




V 







+ 







V 




V 



xv*v/2 




and 



Since P^V) 



P2(V) 



x 




' " 




' " 


* 


X 




' " 


* 


' " 







V 




V 









V 




V 



X 




X 











and 



xv*v/2 




D(V) 



x 


av* 



P 2 (V) 



x 




-Pi(V) 



x 




x 




We next show that the map ip : a i— > aw* is a complete isometry of A onto a closed left ideal J of the C*- 
algebra AA* and ot* is a right identity of J. In the first place, since ||^(x)|| 2 = ||xw*|| 2 = ||(a;v*)(a;u*)*|| = 
= ||xa;*||, ip is an isometry. By the same argument, with W — diag(v,t>, . . . ,v), for X E M n (A), 
\\XW*\\ = \\X\\, so that ip is a complete isometry. 

If c E AA* is of the form c = ab* with a, b E A, and y E J := ^(^4), say y = xv* , then cy = ab*xv* E 
Av* = J. By taking finite sums and then limits, J is a left ideal in C. Finally, with e = vv* and y = xv* E J, 
ye = xv*vv* = xv* = y. □ 

For the general case we have the following result. 

Theorem 3.18 Let A be a TRO. Then A is completely isometric to a left ideal in a C*-algebra if and only 
if there exists a convex set C = {x\ : A E A} C A\ such that the collection of faces 



F 





x\/\\x\\ 



cM 2 ,i(A)*, 



form a directed set with respect to containment, F :— sup A F\ exists, and 



(a) The set { 







: A E A} separates the points of F; 



(b) F 1 - = (that is, the partial isometry V E (M2 : \{A))** with F = Fy is maximal); 



(c) (F, 



(d) S* f 





x\ 



) > for all A E A; 






)- 












for all A E A. 



Proof: We first assume that we have a closed left ideal L in a C*-algebra B. In this part of the proof, to 
avoid confusion with dual spaces, we denote the involution in B by a;'. The set of positive elements of the 
open unit ball of the C*-algebra Lnl", which we will denote by (ua)aga, is a contractive right approximate 
unit for L. Let u = w*-limiiA E B**. Identifying L** with B**u, we now verify the properties (a)-(d). 



For each A, 



U\/\\U\\ 



v\ - 



-v® where v\ = w*-lim(ttA/ 



is the support projection of wa/||wa||, that 



is, F,, 



= F Vx C B*, and f° is an element orthogonal to v\. Since u\ | u, u = sup A r(u\/ 



where 



^(i*a/I1 u a|| ) is the range projection of ma/||ua||- For each fixed /i e A, we apply the functional calculus to 



Uft/Wu^W as follows. Let/„(0) 
and so as above fniUfi/Wu^W) 



- 0, f n (t) 

= v X(p.n) "+ 

supr(u AJ /| 

fj- 



Ion [1/n, 1] and linear on [0,1/n]. Then f n {u^/\\uM € (LnL*)+ 



and sup„ v x(p , n) = r(u M /||u M ||). Therefore 



supsupwAf^,,,) < sup«A 

fi n X 



v say. 
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On the other hand, since v\ < (1 + 
It is clear that 



IKII 



)u, it follows that v < u and therefore u = v. 



F X = F 





= F 





C F 


' " 




. u x/\\ u x\\ _ 








u 



and therefore that sup A Fa exists. We show that it equals F 



F A CF 



for every A. This is equivalent to 





U 



Suppose that for some a,b € B** , 







= Q( 











or v\b*v\ = v\. On the other hand, since v® = ua/||wa| — v\ — > 0, 

w A 6*u A = ||«a|| 2 (wa + «a»a + «") 



so that ub*u — u and as above, F 


' " 


C F 


a 


, proving that sup A F\= F 


' 




u 




b 







Let us now prove (a). Since u\ | u, the convergence is strong convergence. We claim first that FnF|*(it) 
is weak*-dense in £>2*(u). Indeed with x € F|*(u) of norm 1, there is a net b a £ B with b a — > a; strongly. 
Then u\b a Un — > tira = and since u M u = u AI r(u M )u = u M r(u M ) = it M , u\b a u^ e Bfl F^Tt"), proving the 
claim. We claim next that LflL' = -^"(u) flB. If y e L n L", then y = bu = uc) for some 6, c e B**, 
hence y = uyu e B* 2 * n F. Since S^*(m) = iiB**m C F**u = we have B* 2 *(u) n B C L** n B = L. If 
x e B%*(u) n B, then x$ e n B, proving that iGlnL'. 

q -i which are not separated by 



Let M denote the TRO 



L 
L 



Let /, 5 be two elements of F 



It follows that 





C 



annihilates / — g G Mj* ( 







) = spc^r 



c 



This contradicts the fact, implicit in 



the preceding paragraph, that the linear span of C is w*-dense in L2*(u) = B£*(u). This proves (a). 
To prove (b), it suffices to show that for a, b e L** , 

f r n r r n i\ 

0. 





' " 




' " 




a 




' " 


* 


' " 










") 










) 




u 




u 




b 




u 




u 





" 1 




a 


(!-«) = 


1-u 




6 



B 



This reduces to 

which is true since u is a right identity for F* 
To prove (c), let N denote the TRO 

Neumann algebra N" ( 'j j and llial 



is the square of the self-adjoint element 



a(l — u) 
(l-u)6(l-u) 



Note that Fr 



is the normal state space of the von 











[0,u] 













. Ux _ 
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' " 




' 




' " 
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Hence (c) follows. 

From the proof of (c), 








' " 




e n** ^ 


) 


. Ux _ 




u 





so it is fixed by S F . 



To prove the converse, assume that A is a TRO satisfying the conditions of the theorem. Let B denote 
A 1 

. As in the first part of the proof, for each A, there exists a partial isometry v\ <G A** and 



the TRO 



A 



an element e Aq*(v\) such that 
sup A F 



o 







+ 





x\/\\x\\\ 




«A 







and F 





= F 







^a/II^aII 




WA 



Since 







F exists, let F = Fr 



with 



a partial isometry in (M 2 ,i(A))**. We shall show that 



u = and hence that w is a partial isometry. In the first place, Pi ( 






)( 


u 


) = 













V 





which reduces 



to P2(v\)v = v\. Since 



is the image of 



under a contractive projection, \\v\\ < 1, and therefore 



Pi(v\)*v = (by [12, Lemma 1.5]). Thus v = v\ + u° with u° orthogonal to v\, and it follows that the 



support partial isometry u(v) of the element v e A** satisfies u(v) > v\. It follows that 







< 





u(v) 



and since 



is the least upper bound, we have 



u 


< 









V 




u(v) 



. Thus 



u 

V 





u(v) 



u 
v 





P2(u(v))v 



showing that u = 0. 

Conditions (b) and (d) imply that 








implies that 



lies in the von Neumann algebra B^* ( 
> in that von Neumann algebra. In particular, 



) while condition (c) 







claim that condition (a) implies that 





C 



cannot annihilate any non-zero element of £>| ( 



is self-adjoint; vx* x v — x\. We 



v 



). Indeed, 



suppose 
part of Bl ( 
sup 



(tpi — V2) = where ipi — ip2 is the Jordan decomposition of a functional tp in the self adjoint 



). Note that since {v x } is directed, and v\ < x x < v, it follows that \\^\\\ = 



(V>i) = 





c 



Oi) = sup 





c 



(V>2) = 



(^2) = ||^2 1| and this contradicts (a), as ipi/a,ip2/& € F, where 



a is the common norm of ipi and ip2- It follows that the bipolar ( 





C 



)° = B**{ 



). Consequently, 



the w* closure of sp c C is A%*{v) and since the norm closure of a convex set is the same as its weak closure 



AnA"(") = -4nspC = AnspC = spC 

is a C*-subalgebra of Al*(v). 

We are now in a position to show that A is completely isometric to a left ideal of a C*-algebra. Exactly 
as in the proof of the right unital case we have A C Av*v. We define a map ^ : A — > AA* by &(a) = av* . 
The crux of the matter is to show that the range of ^ lies in AA*. If that is the case, then since for 
X,Y,Z e M n (A) , with D = diag(u*,...,u*), 

XY*ZD = XD(YD)*ZD, 

ip is a complete isometry. Moreover, if 6, c e A then (6c*)aw* = (bc*a)v* shows that the range of ip is a left 
ideal. It remains to show that Av* C AA*. 
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Note first that, for a E A, av*x\ e A, since 

* 1/2 1/2 *, , 1/2n* n * 1/2 

av x x ■ x x = av (v{x x ) v)v x x 
{av*v)(x 1 x /2 )*(vv*x 1 x /2 ) = aix^Yx 1 / 2 e A. 

Next, since v belongs to the w*-closure of sp R C, and for each a £ A, {av*y : y <G sp R C} is a convex subset 
of A (since av*y = ^a i av*x\ i — ot i a{x 1 x 2 )*x 1 x 2 e A), it follows that a belongs to the norm closure of 
{av*y : y € sp R C}. Now va*av*y — va*av*vy*v — va*ay*v — (ya*a)^ G ini"(") and therefore va*a 
belongs to the norm closure of the set {va*av*y : y £ sp R C} and hence va*a e A. Using the triple functional 
calculus in the TRO A (see [23]) , we have 

av* = a 1 /3(a 1 /3)* a i/3 w * = a 1 ' 3 {via 1 ' 3 )* a 1 ' 3 )* e AA*.n 



In Theorem 3.18, the elements x\ represent a right approximate unit cast in purely linear terms. Similar 
language can be used to characterize C*-algebras. 

Proposition 3.19 Let A be a TRO. Then A is completely isometric to a unital C*-algebra if and only if 
there is a norm one element x in A such that the complex linear span spc{F)) of the face F in A* exposed 
by x coincides with A* . 

Note that a characterization of non-unital C*-algebras can also be given with obvious modifications as 
in Theorem 3.18. 

From another viewpoint, we have characterized TRO's A up to complete isometry by facial properties 
of M n (A)* , since by Theorem 1.8, this is equivalent to finding an isometric characterization of JB*-triplcs 
U in terms of facial properties of U* . This is exactly what we have done in Theorem 3.14, which is the 
non-ordered version of Alfsen-Shultz's facial characterization of state spaces of JB-algebras in the pioneering 
paper [1]. 
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